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ABSTRACT
It is too costly and impractical to complete sleep measurements for all ages and combinations of sleep amounts and sleep debt. The
possibility exists that mathematical equations can be developed and calibrated to simulate the various components of the sleep system.
As a start for this development, equations were developed to predict the accumulation of each of the four sleep components (stage 1,
stage 2, slow wave [stages 3 and 4] and REM) during sleep. Calibration was achieved using a published data set for people 30 years of
age with partial sleep debt. Regression results were as follows: stage 1 (R2 = 0.60, not signiﬁcant), stage 2 (R2 = 0.99, p < 0.001), slow
wave (R2 = 0.95, p < 0.01), REM (R2 = 0.99, p < 0.001). All equations are continuous, smooth, and have stable boundary conditions.
Future work is needed to adjust the calibration for various ages and non-debt conditions.

INTRODUCTION
Sleep is required for human life. Both short- and long-term
consequences can develop when sleep is restricted or altered by sleep
disorders. Sleep affects safety, mood, performance, and health [1].
In 1952, Rapid Eye Movement (REM) was discovered in
relationship to sleep. This discovery was first observed and verified
with human infants. As technology was applied to measure
brainwaves during sleep, it was discovered that sleep varies or cycles
(has architecture). Sleep pattern was first divided into REM and nonREM [2]. Later with more research, sleep architecture was defined
further by subdividing non-REM sleep into stages 1, 2, 3, and 4 [2-6].
Sleep architecture has three major components (based on
sleep time) defined by brainwave frequency and amplitude. These
components are stage 2, slow wave (delta waves, stages 3 and 4), and
REM. A fourth component, stage 1, provides a transition from awake
to stage 2 and usually accounts for only a small portion of total sleep
time. Stage 2 typically precedes slow wave and REM and seems to act
like a switch or transition between slow wave and REM. Slow wave
is a deep sleep (most difficult to wake an individual from sleep) that
associates with exercise, fitness, and renewing of body components.
REM sleep or paradoxical sleep produces a paralyzed body more or
less but mentally active brain with dreams and low-amplitude, highfrequency brain waves similar to when a person is awake. Memory is
consolidated during REM sleep. Most dreaming occurs during REM
sleep.

boundary condition at conception or shortly after conception appears
to be near 100 percent REM [7]. At late teen or young adulthood,
sleep amount drops to about eight hours with about 20 to 25 percent
REM sleep [7,8]. Cycle length for adults is about 90 minutes but may
be as high as 120 minutes [2,6]. In adults of 70 to 80 years of age, sleep
amount is typically around six hours with REM sleep about 15 to 20
percent [7,8]. Slow-wave sleep approaches zero for inactive older
adults [8].
In 2004, a special issue [9] of Aviation, Space, and Environmental
Medicine was published to describe and review sleep models. In the
preface Captain David Neri, Medical Service Corps, U. S. Navy [10],
overviewed the need for mathematical models of sleep:
For many in the operational community, bio mathematical
models of fatigue, sleepiness, and performance have become a
significant issue. Military leaders, government policy makers, and
commercial customers are looking for concrete answers to questions
such as: how long can one work, fly, or drive without rest or sleep;
how much sleep is required for recovery; what is the minimum sleep
necessary to sustain performance; when is a person most at risk for an
error, incident, or accident; and what countermeasures can be taken
at what time(s) to reduce these risks to an acceptable level?
He reported in 2004 that mathematical models of sleep were only
about 20 years old and that a need existed for better mathematical
models of sleep. With the exception of one model [11], all the
reported sleep models poorly predicted performance associated with
partial sleep loss, while performing well in predicting performance
for total sleep loss. The one model that predicted performance well
for both total and partial sleep loss [11] did not include all sleep
components. As medical technology develops relating health risks
to sleep components or loss of sleep components, it is important to
expand sleep models to include the details of sleep architecture.

Sleep components change as sleep progresses. These changes are
clearly illustrated in sleep histograms. Sleep generally begins with
stage 1 (usually a brief transition from awake to sleep). Stage 2 occurs
next followed by slow wave (first stage 3 then stage 4) with a return
to stage 2 followed by REM sleep. The pattern of stage 2, slow-wave,
and REM sleep is repeated four or more times for adults achieving
a full period of sleep. The first cycle typically has a relatively long
period of slow-wave sleep, especially for active young people, after
aerobic exercise, or after a period of total sleep loss. REM and stage
2 are relatively short during the first cycle. Slow wave more or less
decreases exponentially from the first to last cycle. REM and stage
2 increases at a decreasing rate from the first to last cycle leveling off
after two or three cycles. These general relationships have nonlinear
effects on the build up of sleep debt for partial sleep loss. REM and
stage 2 are cheated more than slow-wave sleep during partial sleep
loss. Extended periods of sleep with increased cycles of sleep recover
more REM and stage 2 than slow-wave sleep.

MODEL DEVELOPMENT

Superimposed on these relatively short-term dynamics, there are
long-term, age-related changes in sleep components and amount of
sleep. Neonates generally sleep 14 to 16 hours and have about 50
percent REM sleep at birth [7]. Cycle length is 50 to 60 minutes
[6]. The REM percentage is even higher for preterm births [7]. The

Sleep architecture expressed in sleep histograms [2-6] display
duration of sleep components for each cycle as sleep progresses. A
change in duration of each component as cycle number increases is
the bases for the starting point in the development of each component
equation.
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The development of a complete system of equations to function
as a sleep simulation model is lengthy. The development is beyond
the scope of a single paper. The foundation for a more complete sleep
model starts with mathematical descriptions of the sleep components
during a night of sleep. The objective of this present work is to
develop mathematical equations to describe the change in sleep for
each component as a function of cycles completed. The equations are
to be continuous, smooth, and stable from zero to the final number
of cycles.
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Slow-Wave Sleep
The amount of slow-wave sleep per cycle decreases approximately
exponentially as the number of sleep cycles increase:

D  d1e

 d2 N

To get total REM sleep, the right side of Equation 5 must be
integrated from zero through the total number of cycles:

RT  r1

(1)

Where D = slow-wave (delta wave) sleep per cycle

(6)
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N = cycle number
This relationship derives from the following differential equation:

dD
 d2 D
dN

(2)

In other words the rate of change in slow-wave sleep per cycle
is proportional to the slow-wave sleep per cycle. To get total slowwave sleep for a sleep period, Equation 1 must be integrated over the
number of sleep cycles used:

(7)

Banks et al. [12] also measured the recovery of REM sleep in
association with time in bed. Time in bed was converted to sleep
cycles as discussed with slow-wave sleep. An R2 = 0.99 was obtained
comparing predictions with Equation 7 to measured results. The
results were highly significant (p < 0.001). Values for r1 and r2 were
0.375 and 5.0 respectively. Results for REM sleep are shown in
(Figure 2).

(3)
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Where DT = total slow-wave sleep through end of current cycle

Steps of the integration process are given in Appendix I.
Completion of this integration yields
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The amount of REM sleep per cycle starts low and increases
approximately as a saturating exponential as cycles increase:
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Figure 1: Comparison of predicted and measured slow-wave sleep after ﬁve
days of restricted sleep. Data from Banks et al. [12].
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Predictions from Equation 4 were compared to measured data
from Banks et al. [12]. The measured data provided by Banks et al.
[12] were for a mixture of men and women with an average age of 30.4
years. Results are shown in (Figure 1). The number of sleep cycles was
not reported. A 90-minute sleep cycle [2,6] was assumed. A total
sleep time of about nine hours was reported leading to six cycles of
sleep. Time in bed was converted to sleep cycles to produce the results
shown in (Figure 1) An R2 = 0.95 was obtained, which was significant
(p < 0.01) using Student t distribution to compute the probability of
type I error. Values for d1 and d2 are 1.37 and 1.1 respectively. These
data were collected after five nights of sleep restricted to four hours
in bed. Because these results are for recovery from sleep debt, these
calibration values may differ from a normal night of sleep. Equation 4
seems to be sufficient to describe the non-linear changes in slow-wave
sleep as sleep cycles increase. The data and the model both level off
after about six hours (four cycles).

 r2 N

1

0.4

Note that nothing is inferred about stage 1 (transition to sleep),
stage 2, REM, or WASO (time awake after sleep onset) that also may
occur during a cycle. Equation 4 only predicts the increase in slowwave sleep as sleep cycles increase.
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The details of integration are presented in Appendix II. The
resulting equation is

d1 = constant
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Where R = REM sleep per cycle
Figure 2: Comparison of measured and predicted REM sleep as a function
of time in bed during recovery from ﬁve days of sleep restriction. Data from
Banks et al. [12].

r1 = constant
r2 = decay coefficient
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Stage 2 Sleep

Where S1T = total stage 1 sleep

Stage 2 sleep appears linear with increase in cycle number after
the first or second cycle in sleep histograms. Stage 2 in the first sleep
cycle is usually less than the amount in later sleep cycles. A saturating
exponential function will produce this trend as cycle number
increases:

S 2 T  s1

 1  e

NT

 s2 N



(8)

0

Equation 8 must be integrated to obtain the total amount of
stage 2 sleep. Integration steps are provided in Appendix III. The
following equation was obtained:



1
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s2



(9)

Where S2T = total stage 2 sleep
s1 = constant
s2 = decay coefficient
Banks et al. [12] also measured data for stage 2. A comparison
of measured and predicted S2T values yielded an R2 = 0.99. The
results were highly significant (p < 0.001). Values for s1 and s2 were
0.95 and 1.4 respectively. Figure 3 illustrates the measured data and
predictions from Equation 9.
Stage 1 Sleep
Stage 1 sleep is usually small in magnitude in comparison to other
sleep components. For individuals, it occurs more or less randomly
throughout an evening of sleep. It does not seem to have much of a
pattern. Most sleep histograms for a typical night of sleep present
a constant distribution. An increase of stage 1 sleep above typical
values is an important indicator of obstructive sleep apnea.
The amount of stage 1 sleep per cycle was assumed to be constant
but highly variable. The integration of a constant over a night of sleep
produces a linear equation with intercept of zero (correct boundary
condition at the beginning of sleep:

S1T  s11 N T

(10)
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Figure 3: Comparison of measured and predicted stage 2 sleep. Data from
Banks et al. [12].
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s11 = constant
In the study by Banks et al. [12], stage 1 was not reported.
Because the other sleep components and total sleep were published,
it was possible to estimate values for stage 1 by subtracting the sum
of the reported components from total sleep reported. The accuracy,
however, was limited by the ability to digitize data from the published
graphs of slow wave, REM, stage 2, and total sleep amount. Measured
values were compared to predicted values from Equation 10 with s11
= to 0.065. This linear equation explained 60 percent (R2 = 0.60) of
the variability of stage 1 but was not significant. The measured values
for cycles 5 and 6 (time in bed = 8 and 10 hours) in the Banks et
al. study [12] were 0.39 and 0.32. The predicted values for cycles 5
and 6 were 0.35 and 0.43. A comparable stage 1 measured value of
0.44 for age 30 was obtained from an independent study [8]. Stage 1
sleep ranges from 2 to 16 percent of total sleep in this independent
study. Considering the high variability of stage 1 sleep, Equation 10
as calibrated is a reasonable estimate for stage 1 sleep. As mentioned
earlier, stage 1 sleep associates with obstructive sleep apnea. It is
expected that the calibration value of 0.065 increases as severity of
obstructive sleep apnea increases.

DISCUSSION
With the exception of stage 1, predictions from all component
equations were significant or highly significant with R2 values above
0.95. The data set from Banks et al. [12] is unique in that it contains
measurements of components for a range of time in bed values.
Measured results are averages from 21 to 29 individuals within each
recovery sleep dose. It seems to be one of the superior data sets for
varying sleep amounts. It was designed to evaluate recovery after
partial sleep loss. The calibration coefficients for all components are
specific to recovery from a sleep dept condition.
The idea for the initial distribution of each sleep component,
however, was obtained from several published sleep histograms for
a normal night of adult sleep. The integrated and final equation to
predict each component was, thus, obtained from non-debt sleep
conditions. It appears that the form of each final equation is valid for
both normal and sleep debt conditions. The calibration coefficients
need to be evaluated for non-debt conditions. The calibration is also
restricted to adults of about 30 years of age.
Cycle number for a normal night of sleep decreases with age.
At birth, total sleep of 14 to 16 hours [7] with a cycle length of 50
minutes [6] results in 17 to 19 cycles. An adult that spends 8 hours
of time in bed with a 90-minute sleep cycle will experience 5.3 cycles.
There is a need to develop a function to determine the number of
sleep cycles as a function of age. Once a function for sleep cycles with
age is developed, there is a need to evaluate the coefficients for each
component equation as a function of age and for normal and sleep
debt conditions.
At present time, there is not a complete data set from birth to
senior ages for all components with varying times in bed to test a
complete model. To obtain such a data set would be costly. The study
by Banks et al. [12] included 159 healthy adults aged 22 to 45 (mean
30.4, standard deviation 7.0) with 49.1 percent female. If a similar
study were performed for neonates, infants, one, two, five, seven,
10, 15, 20, 25, 30, 40, 50 60, 70, and 80 years of age to fully define
changes with age, 2544 people would need to be evaluated just for
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normal sleep. If two levels of sleep debt were also evaluated from
age 10 through 80 years, another 3180 people would be added to the
study. The time and cost to evaluate sleep for 5000 plus people seems
prohibitive. It has not been done. Sleep surveys are cheaper but do
not measure sleep components.
The possible sleep study proposed above may be larger than
needed, especially after an initial component model has been
completed. It may be possible to reduce the number of adult ages
considered because total sleep changes from ages 30 to 80 are small
and appear to linearly decrease with age [8]. WASO (not modeled
in this paper) increases at an increasing rate during this age range
[8]. There is evidence that aerobic exercise can have a significant
effect on the reduction of WASO [13,14]. There is also evidence
that aerobic exercise increases slow-wave sleep [15-17]. How much
can WASO be reduced by exercise is an important question that
needs to be addressed by measured data and modeling. Exercise or
aerobic fitness adds another variable that needs to be included in
the mathematical model and adds a need for more data collection.
Components of REM, slow-wave, and WASO (low sleep efficiency)
have all been associated with sleep disorders.
The objective of research is not just to collect data or just develop
a model. The objective is to gain understanding. The advantage to
consider data needs and model development together is illustrated
in (Figure 4). Data alone may not provide understanding. Ideas or
theory does not provide reliability. Some understanding can help
focus data collection and some data can help focus the development
of better ideas and understanding.
A much reduced data set similar to that of Banks et al. [12] for
children after the need of naps (maybe age seven) and for seniors
coupled with the existing data of Banks et al. [12] would be an
important contribution to test the existing component equations
developed in this paper. Number of cycles used for sleep needs to be
measured. With these additional data sets, both data collection and
model development could then be re-evaluated for future work.
Cost to collect data can also be greatly reduced by reducing
the number of people in each time restriction to seven instead
of the 21 to 29 used [12]. In model development and testing,
a reliable mean at each setting is the objective. The goal is not to

Mathematical
Model

I often say that when you can measure what you are speaking
about, and express it in numbers, you know something about it; but
when you cannot express it in numbers, your knowledge is of a meager
and unsatisfactory kind; it may be the beginning of knowledge, but
you have scarcely, in your thoughts, advanced to the stage of Science,
whatever the matter may be.
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